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Y 14
[ + Let m be a modulus, and F a field with a
primitive mth root of unity y
P ® « S C Z,: any set containing 0
Definition (S-decoding polynomial)
y4. /s A polynomial P € F[X] is S-decoding if

« P(y)) = 0 for every j € S\ {0}, and
m:6,S:{O,1,3,4} . P(1)=1
®P=0 OP=1 anything
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Main Cost Metric: Sparsity

« y™ =1, so only exponents mod m matter: think of P € F[X]/(X™ — 1)
+ Sparsity: the number of nonzero coefficients

P(X) = c1Xb1 + X2 + - + ¢ XPs,  by,...,bs € Z,,

sparsity s

« Lagrange interpolation = always possible with degree < |S|-1=>
sparsity < |S|



The Canonical Choice of S

s m = p;p, - px for distinct primes py, ..., px



The Canonical Choice of S

s m = p;p, - px for distinct primes py, ..., px
« S;,: residues that are 0 or 1 modulo every p;



The Canonical Choice of S

s m = p;p, - px for distinct primes py, ..., px
« S;,: residues that are 0 or 1 modulo every p;
. |S% | = 2%, by the Chinese remainder theorem



The Canonical Choice of S

s m = p;p, - px for distinct primes py, ..., px

S;,: residues that are 0 or 1 modulo every p;
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The Canonical Choice of S

s m = p,p, - py for distinct primes py, ..., px x xmod2 xmod3
« Sy,: residues that are 0 or 1 modulo every p; 0 0 0
« |Si| = 2%, by the Chinese remainder theorem 1 1 1
- Example: S; = {0,1,3,4]}, as before i (1) (1)

. Sparsity 2k is always doable: can we do better?
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Uy, ..., Uy, vy, ..., vy € Z4, form an S-matching
vector family (S-MVF) if u, =(0,3,3) 0
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u, =(0,4,1) 0
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Vi V, V3 V, V5 Vg

Definition (S-matching vector family) 31(31(4)(3]1(4] (0

Let S C 7, contain 0. Vectors % 3‘ ‘5‘ Z S (1)
Uy, ..., Uy, vy, ..., vy € Z4, form an S-matching

vector family (S-MVF) if u, =(0,3,3) 0/3 3 333

« (w;,v;) = 0 for every i, and “2:((1’3’13 3(01314/3)1

. (u;,v;) € S\ {0} for every i # j. u; =(0,1,4) 1114031 4

(W, v;) € S\ 10} J w,=(0,41) 11 30 4 1

- The application sets N; the goal is d as u;=(4,0,1) [3/3/3/4/0 1

us, =(1,0,0) 13/3/4 34 0

small as possible
* Sin: d = exp(O((log N)%)) (u;,v;) mod 6, all in S}



S-Matching Vector Families

Vi V, V3 V, V5 Vg

Definition (S-matching vector family) 31131(4(3 (4] [0

Let S C 7, contain 0. Vectors % % ‘5‘ Z S (1)

Uy, ..., Uy, vy, ..., vy € Z4, form an S-matching

vector family (S-MVF) if u, =(0,3,3) |0 3/3/3 3 3
. (u;,v;) = 0 for every i, and “2:((1’3’13 3/0/3/4/3]1
. (u;,v;) € S\ {0} for every i # j. u; =(0,1,4) |1114/0/3]1 /4
(W, v;) € S\ 10} 4 w,=(0,41) 11 30 4 1
- The application sets N; the goal is d as u;=(4,0,1) [3/3/3/4/0 1
small as possible us=(1,0,0) [3]3/4]3/4]0

Takeaway: we focus on S}, because Grolmusz's construction is naturally suited to it
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— — — « The user sends query g; to server j
N
q: q> T /

ie[n]—»%
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Application: Private Information Retrieval

Goal: privately read an entry from a remote database
+ s servers, each holding DB € {0, 1}"
« The user sends query g; to server j
. . - Server j replies with a;
ar q, a, 4s
\ l / Correctness:
the user recovers DB; from a;,

ey Oy

' DB;
i€lnl % ' Privacy:

each g; alone reveals nothing about i

« Main cost: communication, trivially n
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Matching-Vector PIR ﬁ

Klim Efremenko

Matching vectors aa
S-MVF of size n in 74, PIR
servers r

communication ~ O(d)

Decoding polynomial
S-decoding, sparsity r

S with k primes: 2k servers, communication exp(O((log n)"/k))
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Ef k 3
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Matching-Vector PIR Through the Years

Goal: PIR with O(1) servers and as little communication as possible

What improved

Matching  Decoding  Use of

Work Servers  Communication vectors  polynomials  both

Reed-Muller s noWs)

Yekhanin 3 nO(l/ log log n) 4 /

3 exp(O(y/log n))

Ef k (O Y Py ,
e ¥ exp(O((logn)'")

Chee et al. : 32 exp(O((log n)V")) v

Dvir-Gopi 271 exp(O((logn)'r)) v

Ghasemi et al. 3 exp(O((log n)/?)) /

Gupte-R-ChatGPT ’ r exp(O((log n)''r)) /

* Assuming number-theoretic conjectures
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Result 1: Improved Decoding Polynomials

Question:
when m is a product of k primes, what is the minimum sparsity of an
S;-decoding polynomial?

« Trivial: 2k

- Efremenko , Chee et al. s 3k27

+ Ghasemi-Kopparty : lower bound of k + 1
« Gupte-R-ChatGPT : k + 1 is attainable!”

* Assuming number-theoretic conjectures
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 Internal node u: truth table of
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Result 2: Application to Tree Evaluation
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« Complete binary tree of height h,
an ¢-bit string at each leaf

| fo + Internal node u: truth table of
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* Propagate up: v, = f,,(Vy0, Uu1)
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Result 2: Application to Tree Evaluation

Goal: compute the root of a tree of functions in little space

« Complete binary tree of height h,
an ¢-bit string at each leaf

 Internal node u: truth table of
h=2| Jo y P ¢
fu:1{0,1}° x{0,1}* — {0,1}
* Propagate up: v, = f,,(Vy0, Uu1)
[00001] [10100] [10001] [11101] + Output: the root value vy
Voo Vo1 V10 U1 « Input length n = poly(2"*+%);

/=5 think of h, ¢ = ©(log n)
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@ Ryan Williams

Tree Evaluation Through the Years

Defined; conjecture: . . Conjecture is Time T in
O(log® n) space Conjecture is false: REALLY false: space O(T)
is optimal O(log” n/loglog n) O(lognloglogn) via tree evaluation
@ { L @
2012 2012-19: evidence 2020 2024 2025

in restricted models

Question:
What powers the algorithms of ? Catalytic computing!
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Catalytic Computing: The Idea

+ Setting: the algorithm has computed something new and must store it

+ Most algorithms (“good” programming): allocate fresh space for it
« Catalytic computing (“bad” programming): write over occupied space!
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Working memory: | 01111010 | 00010111 | 10111010 | 10100011

old contents, overwritten



Catalytic Computing: The Idea

+ Setting: the algorithm has computed something new and must store it

+ Most algorithms (“good” programming): allocate fresh space for it
« Catalytic computing (“bad” programming): write over occupied space!
- ... reversibly, so the old contents can be restored at the end

10010010

XOR again

Working memory: | 01111010 | 00010111 | 00101000 | 10100011

restored
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Catalytic Computing: Formal Definition

input x Definition (CatSpaceTime(C, S, T))

read-only An algorithm with input x € {0,1}", time
free 0(S) clean bits O(T) and O(S) bits of free space, plus a

catalytic tape holding an arbitrary
catalytic | 01111010 00010111 | o) bits T € {0,1}99), which must hold 7 again at
the end.

arbitrary contents: restore them!
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Our Catalytic Tree Evaluation Algorithm

Matching vectors
S-MVF of size 2¢ in ¢,
Catalytic tree evaluation
catalytic O(d logm)
free O(hlogr+ ¢)

Decoding polynomial
time poly(r" - 2¢)

S-decoding, sparsity r

J

h: tree height - ¢: bits per value - n = poly(2"*+?): input length
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Decoding polynomial
sparsity r = 2k
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Main Instantiation: k Primes

Matching vectors
S}, k primes
d = Zo(gl/k)

Decoding polynomial
sparsity r = 2k

h: tree height - ¢: bits per value -

n = poly(2h+%)

Y .
Catalytic tree evaluation
~ /k
catalytic 20(Iog" n)
free O(log n)
time poly(n)
J

: input length



Main Instantiation: k Primes

Matching vectors _ YN N
Sm. k primes < Catalytic tree evaluation
d = 20" <k
8 O(log™" n)
catalytic 2
Cook-Mertz: O(logn)
Decoding polynomial free O(logn)
sparsity r = 2k Cook-Mertz: O(lognloglogn)
time poly(n)
Cook-Mertz: nOocglogn)
\ J

New: free space O(log n), polynomial time, catalytic space 2log"n for anye>0

h: tree height - ¢: bits per value - n = poly(2"*?): input length
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Decoding polynomial
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Matching vectors r
one prime m = O(¢), d = O(¢) <

Catalytic tree evaluation
catalytic  O(lognloglogn)
free O(lognloglogn)

Decoding polynomial
time nO(Iog log n)

sparsity r = O(#)

h: tree height - ¢: bits per value - n = poly(2"*+?): input length



Alternate Instantiation Capturing [CM24]

NN

Matching vectors r
one prime m = O(¢), d = O(¢) <
Catalytic tree evaluation
catalytic  O(lognloglogn)
free O(lognloglogn)

Decoding polynomial
time nO(Iog log n)

sparsity r = O(#)

The same recipe also gives the Cook-Mertz bounds

h: tree height - ¢: bits per value - n = poly(2"*+?): input length



One Theorem, Two Algorithms

. One prime m k primes

Theorem (informal) matches Cook-Mertz new, with S},
Matching vectors L
dimension d d 0(#) 20675
S-decoding polynomial K
sparsity r: r2 calls per node r o) 2
Catalytic space O(d logm) O(lognloglogn) 2O(Iogl/k n)
Free space O(hlogr + ¢) O(lognloglogn) O(logn)
Time poly(r" - 2¢) pnOloglogn) poly(n)

h: tree height - ¢: bits per value - n = poly(2"*+?): input length



One Theorem, Two Algorithms

. One prime m k primes

Theorem (informal) matches Cook-Mertz new, with S},
Matching vectors L
dimension d d 0(#) 20675
S-decoding polynomial K
sparsity r: r2 calls per node r o) 2
Catalytic space O(d logm) O(lognloglogn) 2O(Iogl/k n)
Free space O(hlogr + ¢) O(lognloglogn) O(logn)
Time poly(r" - 2¢) pnOloglogn) poly(n)

« Better ingredients plug straight in: matching vectors as short as the known
lower bounds allow would give O(log nlog log ) space in polynomial time

h: tree height - ¢: bits per value - n = poly(2"*+?): input length
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New Construction [GR26]
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Working Backwards from the Goal
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- Database DB € F"; the user wants DB;
y<Z,Vi> -DB; = Zj DBj )/<Z’V-i> Al =]

= Zj DB; Y4 - 1[(u;, v;) = 0] S-MVF: (u;, v;) = 0iff i =
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Working Backwards from the Goal

- Database DB € F"; the user wants DB;
y<Z,Vi> -DB; = Zj DBj )/<Z’V-i> Al =]

= Zj DB; Y4 - 1[(u;, v;) = 0] S-MVF: (u;, v;) = 0iff i =
= Zj DB; Y&V Py vy P is S-decoding

= Zj DB; Al Zt e,y P Vi) expand P(X) = 3|_ ¢ X"
= Zt ¢t (ZJ DBjy<z+bfui’VJ'>) swap the sums

server t's contribution

« Server t needs only q; = z + b,u;: one server per term
« z uniform, so each q, alone reveals nothing about i
« The user knows z, so it divides out y{=Vi’
y: primitive mth root of unity - P(y*) =0on S\ {0}, P(1) =1
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Making This a Protocol

« One server per term of P: r servers, each
holding DB

. . . - Server t gets q, = z + b,u; € 7%,
(q¢:v;j)
X}j l ai% « Itreplies a; = Z DB, %)

n]—»%

(u;,v;) €S, 0iffi = j - z: uniform mask
PX)=Y_ c X"



One server per term of P: r servers, each

Making This a Protocol
holding DB
Server t gets q, = z + b,u; € Z¢,

(] ][] s
@ g, 0, @ It replies a; = Z DB;y'Y)
\ l / « The user outputs y~*¥) 3 ¢,a, = DB;

(u;,v;) €S, 0iffi = j - z: uniform mask
PX)=Y_ c X"



Making This a Protocol

One server per term of P: r servers, each

holding DB
. . - Server t gets q, = z + b,u; € 7%,
° i — . <q ’V'>
a q2 0 a4 It replies a; Zj DB;y'Y)
\ « The user outputs y~*¥) 3 ¢,a, = DB;
ie[n] = % > DB; Privacy:

each q, alone is uniform, so even a
malicious server learns nothing

(u;,v;) €S, 0iffi = j - z: uniform mask
PX)=Y_ c X"
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Efremenko’s PIR Framework: Summary

matching vectors decoding polynomial

Goal Match Decode Expand Mask

>, DB;1[i = j] 1[{u;,v;) = 0] P(yUvid) one server z+b,u; hides i
J ‘ per term of P

+ Servers: the sparsity r of P, communication: the dimension d
« That is Efremenko’s theorem

« Tree evaluation: the same procedure, the mask z is now whatever is on the
catalytic tape



Roadmap

What Is a Decoding Polynomial?
Warm-Up Application to Private Information Retrieval [Efr09]
New Application to Tree Evaluation [HPR26]

New Construction [GR26]



Recall: Tree Evaluation

Goal: compute the root of a tree of functions in little space

» Propagate up: v, = f,,(Ly0> Vu1)
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Recall: Tree Evaluation

Goal: compute the root of a tree of functions in little space

» Propagate up: v, = f,,(Ly0> Vu1)
+ h,¢ = 0(logn)

loooo1 | |10100| [10001| |11101 |

Voo Vo1 V1o U11

£=5
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Approach: The One-Level Gadget

Goal: turn oracles for the children into an oracle for the parent

+ f(vo, 1) - Registers: 7,,7; € 74, for the children,
7 € F for the parent

Each v € {0,1}¢ has an encoding u, € 74:
think of a useful one

Oracle for child b: Oy(a) sets

Ty < Ty +a-u,, (a€Z,)

» Goal: 7 < 7+ f(vy,v;), then restore 7,4, 7,
+ Cost: q oracle calls, s free bits
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A one-level gadget with q oracle calls, s
bits of free space, time poly(2¢) and
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evaluation in

h: tree height - ¢: bits per value
n = poly(2"t?): input length
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From One Level to Many

q calls to its children Informal theorem statement

A one-level gadget with q oracle calls, s
callstack.  bits of free space, time poly(2¢) and
s bits registers in 74, (d log m bits) gives tree

perlevel  gvaluation in
« time poly(q" - 29),
« free space hs + O(¢ + log(d log m)),
&) G and
three registers, shared by every level - catalytic space o(d |Og m).

h: tree height - ¢: bits per value
n = poly(2"t?): input length
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fo,0) =3 fle,y) - 1lx = vo] -1y = v,]
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(u,ve) €S, 0iffv=x - P(X) = E:zl c, Xt
Op(a): 7p « 1 +a-uy,,
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A Gadget Inspired by Efremenko’s PIR

fo,0) =3 fle,y) - 1lx = vo] -1y = v,]
X,y

= Zf(x’y)']]Kqu’Vx):<uvl’vy>:0] S-MVF
Xy

=3 f(x,¥) - P(y{Uoova)y . p(y (o)) P is S-decoding
Xy

=Y f(x,9) 3 crepyP Mo Vet oy vy) expand both
X,y t,t!

= ) ¢Cp (Z fx,y) V<b‘u”°’v">+<b"“”l’VY>) swap the sums
t,t! X,y

contribution from recursive call (¢,t")

« For each of the r2 pairs (t,t'): Oy(b,), O,(b,s) add byu,,, byuy, ; then sum over the truth table
« But the registers start at z4,7;, Nnot 0

r

(u,,vy)e S, 0iffv=x - P(X) =3 _, ¢, X
Op(a): 7p « 1 +a-uy,,
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Yoo ) (g, 0) = 3 FG )P il = vl iy = vy]

x’y

= Y, f(x, y) oy (a, ,vy) = (uy,,v,) = 0] S-MVF
x,y
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« The registers’ contents act as masks

r

(u,,vy)e S, 0iffv=x - P(X) =3 _, ¢, X
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A Gadget Inspired by Efremenko’s PIR

Yoo ) (g, 0) = 3 FG )P il = vl iy = vy]

x’y

= Y, f(x, y) oy (a, ,vy) = (uy,,v,) = 0] S-MVF
x,y

=3 f(x,y) ylrovotvy P(y®uovx)y . p(yer¥»))  Pis S-decoding
x,y

= Z f(x’ y) y(TOvi>+<71aVy> Z ctct,ybt(uvo,vx>+bt’<uul aVy) eXpand bOth
X,y t,t!

=) ciCy (Z F(x, y) ylrotbrttug Vit itbyuy, ’VY>) swap the sums
t,t! X,y

contribution from recursive call (¢,t")

« For each of the r2 pairs (t,t'): Oy(b,), O,(b,s) add byu,,, byuy, ; then sum over the truth table
« The registers’ contents act as masks
+ Divide out y¥20)*1:¥01): 3 few more calls find its exponent, if the oracles can also add v,

r

(u,,vy)e S, 0iffv=x - P(X) =3 _, ¢, X
Op(a): 7p « 1 +a-uy,,
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The Gadget, Step by Step

« Setup: find (zy,v,,) + (71, v, ) (a few calls)
« For each of the r? pairs (¢,t'):
- Oo(bt), Ol(btl) add btuvo, btluvl

7 € F: parent - 74,7, € Z%: children
Op(@): 1y < 1p+a-u,, - P(X)= Ztr:l c, Xb



The Gadget, Step by Step

« Setup: find (zy,v,,) + (71, v, ) (a few calls) ———— -

DO
« For each of the r? pairs (¢,t'): oot
~ Oy(by), O1(by) add byu,,, byu,, i+f (0o, 01)
- For each (x,y), read the registers and add f

to o l‘c+ partialsuml

<To+btuv0 WV )+t +bys Uy, ’Vy>

ciep f(x, )y

. ]/_<TO’VU0 >_<Tl’vvl> To + btuvo I | (51 aF bt/uu1 I

7 € F: parent - 74,7, € Z%: children
Op(@): 1y < 1p+a-u,, - P(X)= Ztr:l c, Xb




The Gadget, Step by Step

« Setup: find (zy,v,,) + (71, v, ) (a few calls) e

DO
« For each of the r? pairs (¢,t'): oo
~ Oo(by), Oy(by) add byu,, , byu,, ; +f(vo,v1)
- For each (x,y), read the registers and add f ’T T oartial suml
tor: P
e f(x, ) J/<ro+btuv0 V)T by ay vy)
_<707Vu >_<71=Vu )
Y 0 ! 7o 71
A A
- Oy(=b;), O1(=bs) undo the additions 1 —byuy, —byuy,

7 € F: parent - 74,7, € Z%: children
Op(@): 1y < 1p+a-u,, - P(X)= Zr c, Xb

t=1



The Gadget, Step by Step

« Setup: find (zy,v,,) + (71, v, ) (a few calls)
« For each of the r? pairs (¢,t'):
- Oo(bt), 01(btl) add btuvo, btluvl

- For each (x,y), read the registers and add
tor:
e f(x, ) J/<ro+btuv0 V)T by ay vy)

{0V =e1vey)

- Oy(=b;), O1(=bs) undo the additions

+ By the identity, T gains exactly f(vg,v;)

7 € F: parent - 74,7, € Z%: children
Op(@): 1y < 1p+a-u,, - P(X)= Zr c, Xb

t=1



The Gadget, Step by Step

« Setup: find (zy,v,,) + (71, v, ) (a few calls)
« For each of the r? pairs (¢,t'):
- Oo(bt), 01(btl) add btuvo, btluvl

- For each (x,y), read the registers and add
tor:
e f(x, ) J/<ro+btuv0 V)T by ay vy)

{0V =e1vey)

- Oy(=b;), O1(=bs) undo the additions

+ By the identity, T gains exactly f(vg,v;)

. H = 2 = I
Cost: ¢ = 0(), s = Ollogn) 7 € F: parent - 74,7, € Z%: children

Op(@): 1y < 1p+a-u,, - P(X)= Zr c, Xb

t=1
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S-decoding, sparsity r
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q = O(r?) calls
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Putting It Together

Ja A
One-level gadget
Matching vectors q = O(r?) calls
e 2f in 7d _
S-MVF of size 2¢ in Z§, s = O(logr) bits

|

Cook-Mertz compiler

Decoding polynomial

S-decoding, sparsity r
Tree evaluation

catalytic space O(dlogm)
free space O(hlogr + &)
time poly(rh - 29)

h: tree height - ¢: bits per value
r: sparsity - d: dimension of the vectors
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Main Instantiation: k Primes

« Matching vectors, as a black box : for m = py -+ pr, an Sp,-MVF
of size 2¢ in 7%, with d = 20¢") and entries computable in small space

- Decoding polynomial for S;,: the generic one, with r = 2% terms

Theorem  m,r = 0(1), d = 2°¢"), h, ¢ = O(logn)

Catalytic space  O(d log m) 20(I0g" )
Free space O(hlogr + ¢) O(logn)
Time poly(rh - 29) poly(n)

h: tree height - ¢: bits per value
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a; € {0,1}M of weight p — 1: p, M = 0(¢) suffice
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Alternate Instantiation Capturing [CM24]

+ One prime m = p, and distinct Boolean vectors
a; € {0,1}M of weight p — 1: p, M = 0(¢) suffice a; a

e w =V; = (l,ai) S Z{,VI+1

« (w;,v;)=1+(a;a;): thisis p=0iffi=j

P(X) = Il)(l +X + X%+ - +XP71) is Z,-decoding,

with p terms
supports, each of size p — 1

(w;,vj) =1+ (a;,a;)

h: tree height - ¢: bits per value



Alternate Instantiation Capturing [CM24]

+ One prime m = p, and distinct Boolean vectors
a; € {0,1}M of weight p — 1: p, M = 0(¢) suffice a; a

e w =V; = (l,ai) S Z{,VI+1
° <ui,vj) =1+ (ai,aj): this is p= 0iffi = ]
« P(X) = Il)(l +X + X%+ - +XP71) is Z,-decoding,

with p terms
supports, each of size p — 1

« Plugind,m,r = O(¢): O(lognloglogn) space, (u,v;) =1+ (a5,a;)
i»Vj/ — i»4j

nO(Iog logn) time

h: tree height - ¢: bits per value
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match

next level up

a child here:
needs 74,

1
1
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Technical Fine Print

« To recurse, the parent and child types need to

next level u
match ’

+ This is a serious issue: if m =0and y™ =1, no
S; -decoding polynomial exists
« Fix: an S-decoder over 7,,: h,;: 7,, - Z,, and !

. . y
slopes j; with lr over Z,, too /l

1 ifx=s=0,
D h(x + jes) =10 if se s\ {0},
t

arbitrary otherwise 70 € 74, 7, € 74,

+ Decoding polynomials implement this but



Tree Evaluation: Summary

Matching vectors
S-MVF of size 2¢ in Z¢,

Decoding polynomial
S-decoding, sparsity r

h: tree height - ¢: bits per value
r: sparsity - d: dimension of the vectors
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YN

One-level gadget
Matching vectors q = O(r?) calls
oot in 7d _
S-MVF of size 2¢ in 74, s = O(logr) bits

Decoding polynomial
S-decoding, sparsity r

h: tree height - ¢: bits per value
r: sparsity - d: dimension of the vectors



Tree Evaluation: Summary

YN

One-level gadget
Matching vectors q = O(r?) calls
oot in 7d _
S-MVF of size 2¢ in 74, s = O(logr) bits

Cook-Mertz compiler

12

Decoding polynomial
S-decoding, sparsity r

Tree evaluation

catalytic space O(dlogm)
free space O(hlogr + €)
time poly(rh . 29)

h: tree height - ¢: bits per value
r: sparsity - d: dimension of the vectors



Roadmap

What Is a Decoding Polynomial?
Warm-Up Application to Private Information Retrieval [Efr09]
New Application to Tree Evaluation [HPR26]

New Construction [GR26]
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®P=0 OP=1 anything

+ Recall: y € F a primitive mth root of unity, and
P: F — F with P(1) = 1 and P(y®) = 0 for every
s € S \ {0}
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s € Sy \ {0}
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7t a - ~ 32 s known .

- k+1isalower bound
m=6,S=1{0,1,3,4}

®PrP=0 ®OP=1 anything

* Assuming number-theoretic conjectures



Back to Decoding Polynomials

Y ¥ + Recall: y € F a primitive mth root of unity, and
® P: F — F with P(1) = 1 and P(y®) = 0 for every
s € Sk \ {0}
Y o « Goal: fewer terms = fewer servers in PIR and

fewer recursive calls in tree evaluation
+ With k primes:
® - 2k terms is trivial
a s - ~ 3%2js known
- k+1is alower bound

= = 1 4 . . ..
m=6S={01,3,4] + This part: a construction attaining

®P=0 @P=1 o anything the lower bound!”

* Assuming number-theoretic conjectures



The CRT Basis

e m=p; - px: the CRT map

qO(x) = (x nod D1s---5>X mod pk) is a xample: m N
ijecti s mo
bijection Z,, — Z, X -+ X Z,,, ) ;

s mod 2



The CRT Basis

« m=py - px: the CRT map

¢(x) = (x mod py,...,x mod py) is a xample: m

bijection Z,,, = Z, x - X Z,, . S mclad 3
e CRT basis: e, = §0_1(1,0, ) . 0 A e,
e =97'(0,...,0,1), 50 x = },(x mod p;)e;

€1

s mod 2




The CRT Basis

« m = p; - pr: the CRT map

¢(x) = (x mod py,...,x mod py) is a xample: m

N s mod 3
bijection 7,,, = 7, X --- X 7, 0 . 5
« CRT basis: e¢; = ¢71(1,0,...,0), ..., o 0 0 4 22
e =97 (0,...,0,1), so x = 3 .(x mod p;)e; T ! va v2
E Ll 39 1 5

. d p;
- yi =7y hasorder p;, and y* = [, " /" 71 nr2 | v




The CRT Basis

« m = p; - pr: the CRT map

o(x) = (x mod p;,...,x mod py)isa Example: m =6=2-3

.. . s mod 3
bijection 7,,, = 7, X --- X 7, o 1 5
« CRT basis: ¢; = ¢~1(1,0, ...,0), ..., w0 49 2
e =97 (0,...,0,1), so x = 3 .(x mod p;)e; g ! e 5
E 34 1 5
‘ - 1
- y; =v% has order p;, and y* =[], 7] mod pi 71 nr: | rr

«+ On Sy, o; =smod p; € {0,1}: evaluating 8¢ =1{0,1,3, 4} the 0/1 corner

yS = Hq:l vi is a subset product
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Goal: an S;,-decoding polynomial with k + 1 terms

.« Want P(X) = 2;=1 ¢; X% with P(y*) = 1[s = 0] on S},

m=p;-pg - og=smodp; -y =TI, _, 7
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.« Want P(X) = 2;=1 ¢; X% with P(y*) = 1[s = 0] on S},
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° P(ys) = Zj Cj Hgizl Vi

« G = yibj only sees b; mod p;: by CRT, a free choice in u,,,
the p;th roots of unity
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Recasting the Goal

Goal: an S;,-decoding polynomial with k + 1 terms

.« Want P(X) = 2;=1 ¢; X% with P(y*) = 1[s = 0] on S},
bj

° P(ys) = Zj Cj Hgizl Vi

« G = yibj only sees b; mod p;: by CRT, a free choice in u,,,
the p;th roots of unity

TLDR:
an S;,-decoding polynomial with r terms is a choice of ¢; € F and {j; € up,, with

2;¢ 11,2, &y = 1lo = 0] for every o € {0, e

m=p;-pg - og=smodp; -y =TI, _, 7



New Object: Root-of-Unity Grids

Definition ((F, m)-root-of-unity grid)
Nonzero a; € F and distinct nonzero t; € F (i, j < k) with every 1+ a;t; € up, .

Mp,: the p;th roots of unity in



New Object: Root-of-Unity Grids

Definition ((F, m)-root-of-unity grid)

Nonzero a; € F and distinct nonzero t; € F (i, j < k) with every 1+ a;t; € up,.
t, t, t3

a[ * *x = 1 1 1 ¢ e e

a % % %k +

az | % %k 1 1 1 o o e

I
°
[
°
5.
=

rank 1: a;t; all ones root-of-unity grid

Mp,: the p;th roots of unity in



New Object: Root-of-Unity Grids

Definition ((F, m)-root-of-unity grid)

Nonzero a; € F and distinct nonzero t; € F (i, j < k) with every 1+ a;t; € up,.

ty t2 I3
a [ % % % e o o 71— p;throots of unity
al = % % | + =] e <« o |—> pythroots of unity inF
as | % ok % 1 1 1 e o o |—> psthroots of unity

rank 1: a;t; all ones root-of-unity grid

Mp,: the p;th roots of unity in



New Object: Root-of-Unity Grids

Definition ((F, m)-root-of-unity grid)
Nonzero a; € F and distinct nonzero t; € F (i, j < k) with every 1+ a;t; € up,.

tp, t i3

a [ % % % 1 1 1 e o o 71— p;throots of unity
ol x o+ x| +11 1 1| = e o o |—> p,throots of unity inF
as | % ok % 1 1 1 e o o |—> psthroots of unity
rank 1: a;t; all ones root-of-unity grid
Theorem

An S},-decoding polynomial with k + 1 terms exists over F if and only if an
(F, m)-root-of-unity grid does.

Mp,: the p;th roots of unity in



New Object: Root-of-Unity Grids

Definition ((F, m)-root-of-unity grid)
Nonzero a; € F and distinct nonzero t; € F (i, j < k) with every 1+ a;t; € up,.

tp, t i3

a [ % % % e o o 71— p;throots of unity
ol x o+ x| +11 1 1| = e o o |—> p,throots of unity inF
as | % ok % 1 1 1 e o o |—> psthroots of unity
rank 1: a;t; all ones root-of-unity grid
Theorem

An S},-decoding polynomial with k + 1 terms exists over F if and only if an
(F, m)-root-of-unity grid does.

Proof: necessity (=) and sufficiency («); then, do grids exist?
Mp,: the p;th roots of unity in



Necessity of Root-of-Unity Grids

Warm-up: k terms are impossible

+ Recall: Zj ¢ Hai=1 $ij = 1[o = 0] for every
o e{0,1}

term1 term2 term3

X, <P i3
X $n &3
X3 G €9 $33

r

P(X)=%,_,¢;X% + o;=smod p;
b .
$ij = Vi’ € Hp,: pith roots of unity



Necessity of Root-of-Unity Grids

Warm-up: k terms are impossible

« Recall: Zj Cj Hgi=1 {ij = 1[c = 0] for every term1 term2 term3
o e{0,1}
« Introduce formal variables X;, ..., X;: X1 o S G

X $n &3

r k
. . . 1+ l”Xl' =1
Z]_1 Cj Hz_l( gl ) X3 & €9 G33

r

P(X)=%,_,¢;X% + o;=smod p;
b .
$ij = Vi’ € Hp,: pith roots of unity



Necessity of Root-of-Unity Grids

Warm-up: k terms are impossible

« Recall: [ZJ Cj Hgi=1 gij =1lo = 0]] for every term1 term2 term 3
o e{0,1}
« Introduce formal variables X;, ..., X;: X1 o S G

. . X, ¢ $a &3
eI, A+¢G:X)=1
Z]_1 Cj Hz_l( gl ) X3 & €9 G33

+ Proof: expand and compare coefficients;
that of [T _, X; gives the equation for o

r

P(X)=%,_,¢;X% + o;=smod p;
b .
$ij = Vi’ € Hp,: pith roots of unity



Necessity of Root-of-Unity Grids

Warm-up: k terms are impossible

Recall: Zj ¢ Hai=1 $ij = 1[o = 0] for every

o e{0,1}
Introduce formal variables X, ...

Z;=1 ¢j H;;l(l +§Xi) =

Proof: expand and compare coefficients;
that of [T _, X; gives the equation for o

If r < k, get a contradiction via a

,Xk:

1

diagonalisation trick: set X; = —¢;?

term1 term2 term3

% (G ]

X5 $a
X3 3

0 0 0
every term is 0, but the sum is 1

r

P(X)=%,_,¢;X% + o;=smod p;

Sij = vie Mp,: Pith roots of unity



Necessity of Root-of-Unity Grids

k + 1 terms force a root-of-unity grid

« With k + 1 terms: the same diagonalisation trick kills k terms and leaves one

¢ij = vl e Mp, = Mp: pth roots of unity



Necessity of Root-of-Unity Grids

k + 1 terms force a root-of-unity grid

« With k + 1 terms: the same diagonalisation trick kills k terms and leaves one

- After some work, these force ¢ x41/¢;; = 1+ a;tj, a p;th root of unity:
a root-of-unity grid!

tp t I3

a [ % % % 1 1 1 e o o 71— p;throots of unity
ol % x| +]11 1 1] =1]|=¢ ¢ <« |—> pithrootsofunity inF
az | % k% 1 1 1 e o |—> psthroots of unity

rank 1: a;t; all ones root-of-unity grid

¢ij = vl e Mp, = Mp: pth roots of unity



Sufficiency of Root-of-Unity Grids

k
ay -+ ay - 1[s = 0] = Coeffyr [T,_,(1 + a;X)! 77 degree k only when o = 0

grid: 1+aitj Eﬂpi, p|US to =0 - AJ = 1/Hl¢j(t.l _tl)
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k
ay -+ ay - 1[s = 0] = Coeffyr [T,_,(1 + a;X)! 77 degree k only when o = 0

k
=" 1 TT1.(1 + a;t;)—c Lagrange at tg, t1, ..., [y
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Sufficiency of Root-of-Unity Grids

k
ay -+ ay - 1[s = 0] = Coeffyr [T,_,(1 + a;X)! 77 degree k only when o = 0
k
=" 1 TT1.(1 + a;t;)—c Lagrange at tg, t1, ..., [y
j=0"J i ]

k .
= Zj:O /‘l] Hl(l + aitj) . Hi é’gl gij — (1 + aitj)_l € 1y,

grid: 1+aitj Eﬂpi, p|US ty = 0 - /1] = 1/Hl¢j(t.l _tl)



Sufficiency of Root-of-Unity Grids

ay - ai - 1[s = 0] = Coeffy Hle(l + a;X)' degree k only when o = 0
= Z?:O 4 TT( + aity)te Lagrange at to, t,, ..., t
= Z?:o LITLA+at) -TI G =0+t en,
= Z:?:o Cj ) vy = ¢;; forall i, by CRT

grid: 1 + aitj € Up,, plus to =0 - Aj =1/ Hl#j(tj — tl)



Sufficiency of Root-of-Unity Grids

k
ay -+ ay - 1[s = 0] = Coeffyr [T,_,(1 + a;X)! 77 degree k only when o = 0

k

= ijo Aj Hi(l + aitj)l_ai Lagrange at tg, t1, ..., [y
k o

=20 LA +aity) - TL; G =0 rar™ ep,
k . i

=0 ) yii = ¢, forall i, by CRT

Recall:

an S;,-decoding polynomial with r terms is a choice of ¢; € F and ¢;; € up,, with
2;¢j11,5,—1 %j = 1o = 0] for every o € {0, i

grid: 1+aitj Eﬂpi, p|US to =0 - AJ = 1/Hl¢j(t.l _tl)



Existence of Root-of-Unity Grids

Informal proof sketch via the probabilistic method

« Fix the ti: T={1,2,..,k} C Fg, for a prime
q>k

F=Fgo
D= |Cm(d1,d2,d3)

m=p; - pr - Mp: pthroots of unity
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Existence of Root-of-Unity Grids

Informal proof sketch via the probabilistic method

« Fix the ti: T={1,2,..,k} C Fg, for a prime
q>k

+ The rows decouple: for each i, find a; with
1+ a;T C pp,

« q; « F: success w.p. = (p;/|F|)¥,
far too small

F=Fgo
D= |Cm(d1,d2,d3)

m=p; - pr - Mp: pthroots of unity



Existence of Root-of-Unity Grids

Informal proof sketch via the probabilistic method

« Fixthet;: T ={1,2,...,k} C F,, for a prime F=Fg ]

q>k D = lem(dy, dy, ds)
+ The rows decouple: for each i, find a; with
1+ a;T C pp,
« q; « F: success w.p. = (p;/|F|)¥, Fgar Fgez Fges
far too small an, Mp, || @2 Mp, || ass Hp,
Fa2T

m=p; - pr - Mp: pthroots of unity



Existence of Root-of-Unity Grids

Informal proof sketch via the probabilistic method

« Fix the ti: T={1,2,..,k} C Fg, for a prime

F=Fgo ]

q > k D= |Cm(d1,d2,d3)
+ The rows decouple: for each i, find a; with
1+ a;T C pp,
« q; « F: success w.p. = (p;/|F|)¥, Fgar Fgez Fges
far too small an, Mp, || @2 Mp, || ass Hp,
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m=p; - pr - Mp: pthroots of unity



Existence of Root-of-Unity Grids

Informal proof sketch via the probabilistic method

« Fix the ti: T={1,2,..,k} C Fg, for a prime

F=Fgo ]

q > k D = |Cm(d1,d2,d3)
+ The rows decouple: for each i, find a; with
1+ a;T C pp,
« q; « F: success w.p. = (p;/|F|)¥, Fgar Fgez Fges
far too small a1, Hp, a2, Hp, a3, Hp,
°a; < ﬂ:qdi 2 Mp;* W.p. = (pi/qdi)k
« If p;=(q% —1)/(q—1)is prime: ~ gk > q~%
Fa2T

onced; > kv

m=p; - pr - Mp: pthroots of unity



Existence of Root-of-Unity Grids

Informal proof sketch via the probabilistic method

« Fixthet;: T ={1,2,...,k} C F,, for a prime F=Fg
q > k D = |Cm(d1,d2,d3)

+ The rows decouple: for each i, find a; with
1+ a;T C pp,

« a; < F: success w.p. ~ (p;/|F|)¥, Foa Fga Fges
far too small an, Hp, || G2 Mp, || @3, Hp,

* = Foa 2 pep Wp. & (pi/gh)*

« If p;=(q% —1)/(q—1) is prime: ~ g~ K > q~4i
onced; > kv Fq2T

+ Rigorous via Weil bounds

m=p; - pr - Mp: pthroots of unity
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For every prime q, there are infinitely many d such that q—ll is prime.
=

d_ . . .
+ Repunits: Z—_ll =11---1in base g; for example, 1093 = 11111115 is prime

Theorem

Assuming this conjecture, for every k there exist m = p; --- p; and F for which
there is an (F, m)-root-of-unity grid.



The Number-Theoretic Conjecture for
Existence

Conjecture

d— . .
For every prime q, there are infinitely many d such that q—ll is prime.
=

d_ . . .
+ Repunits: Z—_ll =11---1in base g; for example, 1093 = 11111115 is prime

Theorem

Assuming this conjecture, for every k there exist m = p; --- p; and F for which
there is an (F, m)-root-of-unity grid.

Corollary. For every constant s > 2, there is an s-server PIR with communication
exp(O((log n)'/s)).
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« So far, s = O(1) servers: communication exp(O((log n)'/*))
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PIR with Superconstant Servers

Goal: let the number of servers s grow with n

« So far, s = O(1) servers: communication exp(O((log n)'/*))
« The O hides a constant factor that grows if the number of servers is allowed
to grow

« So our exponential reduction in server count need not persist in the
superconstant-server regime



Superconstant Servers: Phase Diagram

logn 4
+ Reed-Muller: polylog(n)
communication with log n

Reed-Muller
servers

(logn)© 1

exp(y/loglogn) A

(loglog n)1/3 A
o(1) T T ;

logloglogn yToglogn loglogn

polylog n poly n
2logloglogn (loglog n)2/3

communication: loglog CC
lower-order factors suppressed

Servers s
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+ Reed-Muller: polylog(n)
Reed-Muller communication with log n
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%}
% « Matching vectors: better with
> (logn)° - few servers, but always
3 loglog CC > 2logloglogn
exp(y/loglogn) A
(loglogn)l/3 -
0(1) ‘ 1 '
logloglogn yToglogn loglogn
polylog n poly n
2logloglogn (log log n)?/3

communication: loglog CC
lower-order factors suppressed



Superconstant Servers: Phase Diagram

logn 4

+ Reed-Muller: polylog(n)

8 Reed-Muller communication with log n

s servers
“ I
g o » Matching vectors: better with
2 (logn)¢ - 3 few servers, but always
3 loglog CC 2 2logloglogn

exp(y/loglogn) prior « Ours, few servers:
exponentially fewer servers
(loglogn)® ours
O(l) T T T
logloglogn yToglogn loglogn
polylogn polyn
2logloglogn (loglog n)2/3

communication: loglog CC
lower-order factors suppressed

“Ours” assumes a stronger
conjecture on repunits
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logn 4

+ Reed-Muller: polylog(n)

8 Reed-Muller communication with log n
g servers
“ I
g o » Matching vectors: better with
2 (logn)¢ - 3 few servers, but always
9 ' loglogCC > 2logloglogn
exp(y/loglogn) prior « Ours, few servers:
o o \ exponentially fewer servers
oglogn 1 ours
o) i i i « Ours, up to ~ exp(y/loglogn)
log log log n ogloan loglog n servers: superpolynomially less
polylog n glog polyn communication
2logloglogn (loglog n)2/3

communication: loglog CC
lower-order factors suppressed

“Ours” assumes a stronger
conjecture on repunits



Superconstant Servers: Phase Diagram

logn 4

+ Reed-Muller: polylog(n)

8 Reed-Muller communication with log n
S servers
“ I
g o » Matching vectors: better with
> (logn)° - 3 few servers, but always
3 loglog CC 2 2logloglogn
exp(y/loglogn) prior « Ours, few servers:
o o \ exponentially fewer servers
oglogn 1 ours
o(1) : i i « Ours, up to ~ exp(y/loglogn)
logloglogn floaloan loglog n servers: superpolynomially less
polylog n 9l09 polyn communication
2loglogl 2/3 .
cgloglogn (loglogm) « Even more servers: no gain
communication: loglog CC over classic MV PIR

lower-order factors suppressed
“Ours” assumes a stronger
conjecture on repunits
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New Construction: Summary

Recast Necessity Sufficiency Existence
by CRT, y5 is k + 1 terms > a grid gives grids from
a subset product force a grid k + 1 terms repunit primes”
adapting the Lagrange interpolation

lower bound

e ¢ ¢ |—> pythroots of unity inF
e o ¢ |—> psthroots of unity

a | x

*

ar [ % % % 1 1 1 e ¢ o ]—> p;throots of unity
+ 1 1 1 =
1 1 1

*

as ES

rank 1: a;t; all ones root-of-unity grid
Takeaway: sparsity k + 1 is optimal, and attainable!

* Assuming a conjecture on repunits
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Summary and Open Questions

+ Decoding polynomials: sparsity is the cost in both applications
+ PIR : optimal sparsity k + 17, so s servers with exp(O((log n)/5))
+ Tree evaluation : O(log n) free space, polynomial time,

catalytic 20(10g" n)
+ We believe (k + 1)-term polynomials also improve tree evaluation
(not yet checked)

Open questions:
+ (k + 1)-term decoding polynomials without a conjecture?
« Other sources of root-of-unity grids, to help with many servers?
 Tree evaluation in O(log n) total space?

* Assuming a conjecture on repunits



Thank You! Questions?

Matching vectors

Decoding polynomials
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Backup: Time-Space Tradeoffs

« Any time-T computation reduces to a tree evaluation instance with
h, ¢ = OLT), so n = 200/D
« World 1: a cleverer tree evaluation algorithm uses O(log n) space
- Then any time-T computation runs in space O(ﬁ)

« World 2: no such algorithm exists

- Then tree evaluationisin P but notL,soL C P
- P: polynomial time; L: space O(log n)
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