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• An -bit string at each leaf 

• Function at each internal node 
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ℓ = 5

n = total input length = 𝗉𝗈𝗅𝗒(2h+ℓ)

Today’s talk: low-space 
algorithms for Tree Evaluation
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• Recursive function : 

• If , output leaf value 

• Else, output 

 

• Algorithm: output  

• Runtime:  

• Space: store a path of values from root to 
leaf → 

𝖠𝗇𝗌(u ∈ {0,1}≤h)

𝗅𝖾𝗇(u) = h

fu(𝖠𝗇𝗌(u0), 𝖠𝗇𝗌(u1))

𝖠𝗇𝗌(∅)

𝗉𝗈𝗅𝗒(2h,2ℓ) = 𝗉𝗈𝗅𝗒(n)

O(hℓ) = O(log2 n)
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Tree Evaluation Through the Years

Q: What is the key tool 
enabling these algorithms 

by Cook and Mertz? 

A: Catalytic computation!

• [S. Cook et al., TOCT 2012] Defined TreeEval, conjectured that  space is 
optimal 

• Many works, 2012-2019: evidence for this conjecture in restricted models of 
computation 

• [J. Cook-Mertz, STOC 2020] Conjecture is false! 

• An algorithm in space  

• [J. Cook-Mertz, STOC 2024] Conjecture is REALLY false. 

• An algorithm in space  

• [Williams, STOC 2025] Any time  computation can be reduced to solving a TreeEval 
instance of size  → doable with space !

O(log2 n)

O(log2 n/log log n)

O(log n log log n)

T
2O( T) Õ( T)
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Catalytic Computing = “Bad” Programming

• Setting: our algorithm has computed some new information, and needs to store it 
somewhere

• Most algorithms (“good programming”): allocate new space for this information

• Catalytic computing (“bad programming”): write this information on top of 
occupied space!

Introduced by [Buhrman et al., STOC 2014]
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• A  algorithm has an input  and a catalytic tape 𝖢𝖺𝗍𝖲𝗉𝖺𝖼𝖾𝖳𝗂𝗆𝖾(C(n), S(n), T(n)) x ∈ {0,1}n

τ𝗂𝗇𝗂𝗍 ∈ {0,1}O(C(n))

• Time limit: O(T(n))

• Space limit:  clean bits + the catalytic tape containing O(S(n)) τ

• At the end: the catalytic tape must be restored to the state τ𝗂𝗇𝗂𝗍

• 𝖢𝖺𝗍𝖲𝗉𝖺𝖼𝖾𝖳𝗂𝗆𝖾(C(n), S(n), T(n)) ⊆ 𝖢𝖺𝗍𝖲𝗉𝖺𝖼𝖾𝖳𝗂𝗆𝖾(0,C(n) + S(n), T(n))
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Introduced by [Buhrman et al., STOC 2014]
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Reduction to a Simpler Problem: 
The One-Level Gadget
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From One Level to Many

Theorem (informal): assume there is a  time algorithm for the one-level 
gadget that makes  oracle queries and uses free space . Then: 
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q s

𝖳𝗋𝖾𝖾𝖤𝗏𝖺𝗅(h, ℓ) ∈ 𝖢𝖺𝗍𝖲𝗉𝖺𝖼𝖾𝖳𝗂𝗆𝖾(log |ℛ | , hs+log log |ℛ | + ℓ, 𝗉𝗈𝗅𝗒(qh,2ℓ))
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From One Level to Many

• Catalytic space:  
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The One-Level Gadget: Summary

• Embed  in some ring  

• Inputs: 

• Control bit  

• Arbitrary catalytic registers  

• Oracle : updates 

 

• Output: want the registers to end up in the 
state 

{0,1}ℓ ℛ

c′￼ ∈ {0,1}

τ0, τ1, τ ∈ ℛ

𝒪v0,v1
(b, c ∈ {0,1})

τb ← τb + (−1)cvb

(τ0, τ1, τ) = (τ0,𝗂𝗇𝗂𝗍, τ1,𝗂𝗇𝗂𝗍, τ𝗂𝗇𝗂𝗍 + (−1)c′￼f(v0, v1))

Centrepiece of Cook-Mertz and our work: all I will focus on for the rest of the talk

τ ∈ ℛ

τ1 ∈ ℛτ0 ∈ ℛ

v0 ∈ ℛ v1 ∈ ℛ

f(v0, v1) ∈ ℛ

Metrics 

• : final catalytic space 

• : final free space 

• : final runtime

log |ℛ |

h ⋅ [𝖿𝗋𝖾𝖾 𝗌𝗉𝖺𝖼𝖾]

[𝗈𝗋𝖺𝖼𝗅𝖾 𝗊𝗎𝖾𝗋𝗂𝖾𝗌]h

f : ℛ × ℛ → ℛ
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A: To reuse space without destroying information.

(This is why we need .) λ ≠ 0

Another reason why one would use masking is privacy…
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Disclaimers

• We do NOT get a generic compiler from PIR to TreeEval

• Need the PIR protocol to have some special properties:

• Additive: the client’s and servers’ computations are all fairly linear

• Concatenation-friendly: client should be able to simulate queries for 
 given individual queries for a | |b ∈ {0,1}2ℓ a, b ∈ {0,1}ℓ

• Connection is still fruitful for finding new approaches to TreeEval!
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2Õ((log n)1/r)2r
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Matching-Vector PIR: A History
Goal: PIR on a database of size  with  serversn O(1)

Construction # of servers CC Uses matching 
vectors?

Before ‘08 No

Yekhanin ‘08 3

Yes

Efremenko ‘09
3

Dvir-Gopi ‘16

Ghasemi-
Kopparty-
Sudan ‘25

3

nO(1/log log n)

2Õ( log n)

2Õ((log n)1/r)2r

2r−1 2Õ((log n)1/r)

2Õ((log n)1/3)

Today: 4 servers, 
𝖢𝖢 = 2Õ( log n)

S nÕ(1/S)
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Matching Vectors

• Collection of vectors  such that u1, …, un ∈ ℤd
m ⟨ui, uj⟩ ≡ 1 (mod m) ⇔ i = j

•  is constantm

•  is the given DB size, and  will ultimately govern  (so want to minimise it)n d 𝖢𝖢

• Rank argument: if  is prime, then m d ≥ n1/m

• [Barrington-Beigel-Rudich ’92, Grolmusz ’00] If  for distinct primes , then there 
exists a construction attaining  🤯

m = pq p, q
d ≤ 2Õ( log n)

• Even more: , and similarly ⟨ui, uj⟩ ∈ {0,1} (mod p) mod q
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Efremenko’s 4-Server Construction

• Let  be any commutative ring with elements  of respective multiplicative orders 
 such that 
R g, h

p, q (g − 1)(h − 1) ≠ 0

• Example 1:  where  is a primeℤN N ≡ 1 (mod pq)

• Example 2:  for some field 𝔽[X]/(Xpq − 1) 𝔽

• Let  be the Chinese remainder homomorphism𝖢𝖱𝖳 : ℤp × ℤq → ℤm=pq

• We will label the servers as “00”, “01”, “10”, and “11”

Setup
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Efremenko’s 4-Server Construction

• Client (has an index ): samples a random mask . Queries:i ∈ [n] r ← ℤd
m

• Server “00”: r

• Server “11”: r + ui

• Server “01”: 𝖢𝖱𝖳(r mod p, r + ui mod q)

• Server “10”: 𝖢𝖱𝖳(r + ui mod p, r mod q)

• Each server, given its query : replies withv ∈ ℤd
m

n

∑
j=1

𝖣𝖡j ⋅ g⟨v,uj⟩ ⋅ h⟨v,uj⟩ ∈ R

Queries and Answers
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Efremenko’s 4-Server Construction

• Client computation: [00’s answer] - [01’s answer] - [10’s answer] + [11’s answer] 

• Gives: 

 

 

• Final result: 

 🎉

n

∑
j=1

𝖣𝖡j ⋅ [g⟨r,uj⟩ ⋅ h⟨r,uj⟩ − g⟨r + ui,uj⟩ ⋅ h⟨r,uj⟩ − g⟨r,uj⟩ ⋅ h⟨r + ui,uj⟩ + g⟨r + ui,uj⟩ ⋅ h⟨r + ui,uj⟩]
=

n

∑
j=1

𝖣𝖡j ⋅ g⟨r,uj⟩ ⋅ h⟨r,uj⟩ ⋅ [(1 − g⟨ui,uj⟩) ⋅ (1 − h⟨ui,uj⟩)]
𝖣𝖡i ⋅ g⟨r,ui⟩ ⋅ h⟨r,ui⟩ ⋅ (1 − g)(1 − h)

nonzero

→ 𝖣𝖡i ∈ {0,1}
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Refresher: The One-Level Gadget
• Embed  in some ring  

• Inputs: 

• Control bit  

• Arbitrary catalytic registers  

• Oracle : update 

 

• Output: want the registers to end up in the 
state 

{0,1}ℓ ℛ

c′￼ ∈ {0,1}

τ0, τ1, τ ∈ ℛ

𝒪(b, c ∈ {0,1})

τb ← τb + (−1)cvb

(τ0, τ1, τ) = (τ0,𝗂𝗇𝗂𝗍, τ1,𝗂𝗇𝗂𝗍, τ𝗂𝗇𝗂𝗍 + (−1)c′￼f(v0, v1))

τ ∈ ℛ

τ1 ∈ ℛτ0 ∈ ℛ

v0 ∈ ℛ v1 ∈ ℛ

f(v0, v1) ∈ ℛ

Metrics 

• : final catalytic space 

• : final free space 

• : final runtime

log |ℛ |

h ⋅ [𝖿𝗋𝖾𝖾 𝗌𝗉𝖺𝖼𝖾]

[𝗈𝗋𝖺𝖼𝗅𝖾 𝗊𝗎𝖾𝗋𝗂𝖾𝗌]h

f : ℛ × ℛ → ℛ



Our One-Level Gadget Using Matching Vectors
• Let  be a MV family 

• Ring  

• Inputs: 

• Control bit  

• Arbitrary catalytic registers  

• Oracle : update 

 

• Output: want the registers to end up in the state 

{uv ∈ ℤd
m}v∈{0,1}ℓ

ℛ = ℤd
m

c′￼ ∈ {0,1}

τ0, τ1, τ ∈ ℛ

𝒪(b, c ∈ {0,1})

τb ← τb + (−1)c ⋅ uvb

(τ0, τ1, τ) = (τ0,𝗂𝗇𝗂𝗍, τ1,𝗂𝗇𝗂𝗍, τ𝗂𝗇𝗂𝗍 + (−1)c′￼⋅ uf(v0,v1))

τ ∈ ℤd
m

τ1 ∈ ℤd
mτ0 ∈ ℤd

m

uf(v0,v1) ∈ ℤd
m

f : {0,1}ℓ × {0,1}ℓ → {0,1}ℓ

uv0
∈ ℤd

m uv1
∈ ℤd

m
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•  bottleneck: a vector in  → 𝖢𝖢 ℤd
m O(d) = 2Õ( log n)

• Our resulting TreeEval algorithm:

• Catalytic space: O(𝖢𝖢) = 2Õ( log n)

• Free space: O(h log S + ℓ + log 𝖢𝖢) = O(log n)

• Runtime: 𝗉𝗈𝗅𝗒(Sh,2ℓ) = 𝗉𝗈𝗅𝗒(2h+ℓ) = 𝗉𝗈𝗅𝗒(n)

• Generalisation to  servers: use  primes instead of two2t t

• Gives  catalytic space,  free space, and  runtime2logϵ n Oϵ(log n) 𝗉𝗈𝗅𝗒ϵ(n)
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Cook-Mertz used Lagrange interpolation to evaluate a 
polynomial, given access only to maskings of the input 

by the catalytic tape’s contents.

Private information retrieval (PIR) also computes on 
masked inputs, but to ensure privacy.

In fact, Cook-Mertz is secretly running a Reed-Muller PIR!

We leverage this connection and use matching-vector PIR 
to get new algorithms for TreeEval.
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• Is ?𝖳𝗋𝖾𝖾𝖤𝗏𝖺𝗅 ∈ 𝖫

• More modestly:  in simultaneous  time and  space?𝖳𝗋𝖾𝖾𝖤𝗏𝖺𝗅 𝗉𝗈𝗅𝗒(n) O(log1.99 n)
• Candidate approach: find better matching vector constructions!

• Would push down our catalytic space, our main bottleneck

• Best lower bound is . If achievable:d ≥ O(log n log log n)

•  catalytic space (matching Cook-Mertz),  free space, 
and  runtime
O(log n log log n) O(log n)

𝗉𝗈𝗅𝗒(n)
• Other applications of information-theoretic cryptography to catalytic computing?
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powerful than Computer A
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• [J. Cook-Mertz ’24, Williams ’25] Computer B is more 
powerful than Computer A!

• Our work + [Williams ’25]: Computer C is also 
more powerful than Computer A! • Computer A: time , unlimited 

memory 

• Computer B: memory , 
unlimited time 

• Computer C: memory , unlimited 
time, full hard drive of size 

≤ T

T log T

T
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Answer: Computer A is strictly weakest

Three Turing Machines Walk Into a Bar
[Williams, STOC 2025]



1. Tree 
evaluation 
problem

2. Catalytic 
approaches 
to TreeEval 3. Cook-Mertz 

algorithm

Bridge: computing 
on masked input

4. Private 
information 

retrieval 
(PIR)

5. Reed-Muller PIR

6. Matching Vector PIR
7. Our new catalytic 
TreeEval algorithm!

Thank you! Questions?
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• For MV PIR: want a MV family of size  and write 
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• High-level idea: notice that  is also 
a MV family that is indexed by 

{ua ⊗ ub}a,b∈{0,1}ℓ

a | |b
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