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A “crash course”

general integers
Brute force: exp(0(n))

Integer FaCtoring Problem Quadratic sieve (many works from Fermat to Pomerance ‘82):

: " A (n1/2
Given an n-bit integer N < 27, exp(0(n/?))
find its prime factorization in General number field sieve (Pollard '88; Buhler-Lenstra-
poly(n) time. Pomerance ‘93): exp(0(n'/3))

special-form integers

« Lenstra ECM (‘87): exp(0((log P)'/?)) where P is smallest
prime factor of N
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Given periodic function f: Z — Z with unknown period T f(x+T) = f(x)

Informal Theorem Statement

For “reasonable” f, one can quantumly recover T using only the gates/ space
needed to compute f(x) for [x| < poly(T)

0123 456789 ..
x: color denotes

value of f(x)

T T T T T

Bare minimum: Need 0 (log T) qubits for the superposition
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poly(T)
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Shor’s factoring algorithm

Costs

 Period of f(x) is O(N) — Bare minimum qubit count: O(logN) = 0(n)
« Turns out that computing f requires 0(n?) gates

Know b?T — 1 =
(" = 1" + 1) is

f(x)= b**mod N WEEEp Findtheperiod T mmmmp  divisible by N —
hope ged(b" — 1,N)
QUANTUM PERIOD FINDING is a nontrivial factor
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Recall:

Cost of Shor’s factoring algorithm

What if we could find a different function j(x) which:
» Period of f(x): O(N) a) Also has periodicity that enables us to factor N;
* Gate count to compute f: 0(n?) b) Has a shorter period; and

c) Is easier to implement?

Know b?T — 1 =
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The Legendre Symbol

For prime Q, the Legendre Symbol (35) flags whether x is a quadratic residue mod Q.

, +1
, —1

The Jacobi Symbol

The Jacobi Symbol (7’;) generalizes the Legendre Symbol to composite moduli:

(nonprime N) N =PP .5 - (%) - (Fxl) (sz) (Fxr)




This helpful function is

Cost of Shor’s factoring algorithm

What if we could find a different function j(x) which:
» Period of f(x): O(N) a) Also has periodicity that enables us to factor N;
* Gate count to compute f: 0(n?) b) Has a shorter period; and

c) Is easier to implement?

Know b2T — 1 =
(T - 1" + 1) is

f(x) = b>**mod N ‘ Find the period T - divisible by N —
hope gcd(b” — 1,N)
QUANTUM PERIOD FINDING is a nontrivial factor
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Efficiency of Computing Jacobi

For prime Q, the Legendre Symbol (x) flags whether x is a quadratic residue mod Q.

(%): {0::

Q

The Jacobi Symbol (1—’:,) generalizes the Legendre Symbol to composite moduli:

(non prime N) N = PP, ...P, = (%) - (Pil) (Piz) (%T)

Jacobi Symbol is Very Efficiently Computable: We can compute (—;) in time
O(log N), without knowing the factorization of N.

Li, Peng, Du, Suter, Scientific Reports (2012)
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Jacobi Symbol Periodicity

For prime Q, the Legendre Symbol (x) flags whether x is a quadratic residue mod Q.
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Factoring with the Jacobi Symbol

For prime Q, the Legendre Symbol (—Z) flags whether x is a quadratic residue mod Q.
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Factoring with the Jacobi Symbol

For prime Q, the Legendre Symbol (—Z) flags whether x is a quadratic residue mod Q.

- :; - { Q.4

The Jacobi Symbol (1—’:,) generalizes the Legendre Symbol to composite moduli:

(non prime N) N = PP, ...P, = (%) - (Pil) (Piz) (%T)

Cost of this Jacobi factoring algorithm (“LPDS”) @ ‘?

» Period of j(x) is Q N
« Gates/space/depth to compute Jacobi: O(log N)

Peng Du Suter
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ldea 1: Shortening the Superposition

Period of the Jacobi symbol is Q rather than O(N) as in Shor
— the “bare minimum” qubit count is now just O (log Q)!

Remaining challenge:

Can we actually compute the Jacobi symbol using this bare
minimum number of qubits? Not even enough to write down N!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum /
X =

+—>
m




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—> <
m




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical

X = N
+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time "@'}
to the quantum computer | |




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—>
m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—> +—>
m m

Solution: “streaming’

classical quantum

Feeds m bits of N at a time H “ Do some arithmetic that
to the quantum computer - | | frees up m qubits!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—> +—>
m m

Solution: “streaming”

classical quantum

Feeds m bits of N at a time by While it processed 0(n) bits,

to the quantum computer the quantum computer only
needed 0O(m) space!




ldea 2: “Quantum Streaming”

30,000 Foot View

Goal: Compute a function with small quantum input and big classical input.

guantum / \classical
X = N =

+—> +—>
m m

But quantum streaming is just a hope.
Why does the Jacobi symbol lend itself to streaming?
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Aside: Computing Jacobi

. Jacobi Symbol: (%)

Properties
(1) periodicity : (ﬁ) _ (a mlc:d b)
(2) reciprocity : (ib‘) = (—1)/@b) (3)

S J




Aside: Computing Jacobi

Euclidean Algorithm

Extended Euclidean algorithm can compute any function with these two properties!

/

. Jacobi Symbol: (%) A

Properties Properties

(1) periodicity : (5) = (1) periodicity : GCD(a, b) = GCD(amod b, b)
(2) reciprocity : (ib’) = (—1)f(@b) (i’) (2) reciprocity : GcD(a,b) = GCD (b, a)

a

\. J




Aside: Computing Jacobi

Euclidean Algorithm

Extended Euclidean algorithm can compute any function with these two properties!

/

: Jacobi Symbol: (%) A

Euclidean Algorithm for (%)
Properties
(1) periodicity : (

(2) reciprocity : (%) = (=1)/(@b) (_

a): fa<b : swap a < b
Else : take a —amodb

\.




Streaming for Jacobi

Euclidean Algorithm for (ﬁ)
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Else : take a «amodb




Streaming for Jacobi

n = log(N)
m = log(Q)

m
—

Euclidean Algorithm for (%‘) ( 0101 )

100110101010001001011001011101011010

n

fa<b : swap a «— b
Else : take a «amodb




Streaming for Jacobi

n = log(N)
m = log(Q)

m
—

Euclidean Algorithm for (%‘) ( 0101 )

100110101010001001011001011101011010

fa<b : swap a «— b swap ° n >

Else : take a < amodb v (100110101010001001011001011101011010)
1 0101

mod

¥ (0010)
— \o101
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¥ (0010 Crucial observation:
— \o101 Because N > x, we always
compute N mod x.




Streaming for Jacobi

¥ (100110101010001001011001011101011010)
] 0101

0010 Crucial observation:
0101 « Because N > x, we always
compute N mod x.
* Then rest of the computation
is always 0 (m).




Streaming for Jacobi

¥ (100110101010001001011001011101011010)
] 0101

J “streaming”: N mod x

classical quantum
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Streaming for Jacobi
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Costs of Our Algorithm

Main Result:

Gates = 0(n) Rough workload:

Depth = 0(n/m + m) 1. “Streaming”: n/m multiplications of m-bit
numbers

Space = 0(m) 2. Jacobi symbol with two m-bit inputs



Costs of Our Algorithm

Main Result:

Gates = 0(n) Rough workload:

1. “Streaming”: n/m multiplications of m-bit

Depth = 0(n/m+m) = 0(n?/?)
numbers

_ N — A(n2/3
Space = 0(m) = 0(n?/?) 2. Jacobi symbol with two m-bit inputs

Recall: can set m = log Q as low as 0(n?/3) while preserving the classical cost of factoring

This could be a great candidate for an

efficiently-verifiable proof of quantumness!




Conclusion

Compact quantum circuit for
classically hard factoring
instance

N = PZQ with Q small

However... This is not all numbers!

Stay tuned for the next talk!




Thank you!
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